Let K be a number field, and suppose that X/K is an algebraic curve 1 of genus g ≥ 2. Assume, furthermore, that X is embedded in its Jacobian variety J via a K-rational Albanese map i; thus there is a K-rational divisor D of degree one on X such that i = i D : X → J is defined on K-valued points by the rule i(P ) = [(P )−D], where [ · ] denotes the linear equivalence class of a divisor on X. When D is a Krational point P 0 , we often refer to P 0 as the base point of the embedding i Q .
Introduction
This paper surveys Galois-theoretic techniques for studying torsion points on curves that have been developed in recent years by A. Tamagawa and the present authors.
We begin with a brief history of the problem of determining the set of points of a curve that map to torsion points of the curve's Jacobian.
One can use Theorem 1.2 to establish uniform bounds for the cardinality of X(K) ∩ T as one varies the Albanese embedding; see [3] for details.
It is also possible to generalize Theorem 1.2 in several different directions, replacing T by the division group of any finitely generated subgroup of A(K), or by any sequence of points in A(K) whose canonical height tends to zero. See [12] , [19] , and [21] for precise statements and further results.
In this paper, however, we focus on the original problem: What can we say about the intersection X(K) ∩ T when X is a curve? We are particularly interested in explicit determination of this intersection for particular classes of curves. We mention the following three results:
1. (Curves of genus 2) B. Poonen's paper [22] gives an algorithm (which has been implemented on a computer) for determining the intersection X(Q) ∩ T when X/Q is a genus 2 curve embedded in its Jacobian using a Weierstrass point. Poonen's method relies crucially on ideas of Buium [4] and Coleman [6] .
Remark 1.6. Though the proof of Theorem 1.4 we give in this paper is simpler than the previously published ones, it still relies upon a number of deep results, e.g. Grothendieck's semistable reduction theorem, Mazur's detailed study of the arithmetic of X 0 (p) and J 0 (p), and the second author's level-lowering theorem.
Here is a brief outline of the contents of this paper. In section 2 we discuss what it means for an element of a module to be "almost fixed" by a group action, and we prove some elementary lemmas about such elements. We then show how these ideas can be combined with a result of Serre to give a simple proof of the Manin-Mumford conjecture. In section 3, we study torsion points on Abelian varieties which are almost fixed by the action of an inertia group. This is done, following Tamagawa, in the abstract setting of "ordinary semistable" and "ordinary good" modules. In section 4, the abstract algebraic manipulations of section 3 are placed in a geometric context, with Theorems 4.1 and 4.3 as the reward. In section 5, we discuss the proof of Theorem 1.4. We attempt to give references for all of the facts we use about modular curves and their Jacobians. The material in section 5 relies on section 2 up through and including Lemma 2.7, and on section 3 up through Theorem 3.6, so the reader who is only interested in reading the proof of Theorem 1.4 can skip section 4 and the other parts of sections 2 and 3. In order to preserve the flow of the paper, a few results quoted in the body of the paper are relegated to appendices.
Almost Rational Points and the Manin-Mumford Conjecture
In this section K is a field and X/K is an algebraic curve of genus at least 2.
The results of this section and the next are motivated by the following simple observation, which plays a key role in the proof of the Coleman-Kaskel-Ribet conjecture.
Lemma 2.1. Suppose X is embedded in its Jacobian J via a K-rational Albanese map i D . Let P ∈ X(K); if X is hyperelliptic, assume that P is not a hyperelliptic branch point. Suppose that there exist g, h ∈ Gal(K/K) such that gP + hP = 2P in J. Then gP = hP = P .
Proof. To be pedantic, we write Q = i D (P ), so that P is a point on X and Q = [(P ) − (D)] is its image in the Jacobian of X. We are given that gQ+ hQ = 2Q in J, so that the degree-zero divisors (gP )−(gD)+(hP )−(hD) and 2(P )−2(D) are linearly equivalent. Since D is K-rational, it follows that the divisors (gP ) + (hP ) and 2(P ) on X are linearly equivalent, so that there exists a rational function f on X whose divisor is (gP ) + (hP ) − 2(P ). Since P is not a hyperelliptic branch point, f must be constant, so that gP = hP = P , as desired. 3 Lemma 2.1 suggests the following definition.
Remark 2.2. If G = G K is the absolute Galois group of a field K, we will often use the term almost rational instead of almost fixed.
We will be particularly interested in the set of almost rational torsion points of M .
Example 2.3. The set of almost rational torsion points of G m (Q) is µ 6 , the group of sixth roots of unity.
The proof is left as an exercise for the reader (or see [2, Lemma 3.14] ).
We now prove some elementary lemmas concerning almost fixed elements and almost fixed modules.
Proof. For the first part, notice that if (g + h − 2)σP = 0, then (σ −1 gσ + σ −1 hσ − 2)P = 0, which implies that (σ −1 gσ − 1)P = (σ −1 hσ − 1)P = 0. Therefore both g and h fix σP , as desired.
For the second statement, we are given that (g 2 − 2g + 1)P = 0. Multiplying on the left by g −1 , we find that (g + g −1 − 2)P = 0, and therefore (g − 1)P = 0 by the definition of "almost fixed." Lemma 2.5. Let M be a Z[G]-module. If M is generated by almost fixed elements, then M is almost fixed.
Proof. Let P 1 , . . . , P k be almost fixed elements that generate M as a Z[G]module, and let g, h be elements of G such that (g + h − 2)M = 0. Then (g + h − 2)(σP i ) = 0 for all σ ∈ G and all i = 1, . . . , k. By Lemma 2.4, each σP i is almost fixed, and therefore both g and h fix all of the σP i . As the σP i generate M as a Z-module, it follows that both g and h fix every element of M . Therefore M is almost fixed.
Remark 2.6. It is not true that if M is almost fixed then every element of M is almost fixed. For example, let M be the 2-dimensional (Z/5Z)-vector space (Z/5Z) 2 , and let G = (Z/4Z) act on M by sending a generator to A := 0 1 −1 0 .
3 Notice how we are using that J is both the Albanese and Picard variety for X. The interplay between the two properties of J lies behind many of the geometric results discussed in this paper.
A short computation shows that M is almost fixed, but the vector v := 2 1 is
Let us return to the geometric situation of Lemma 2.1, so that K is a field, G K = Gal(K sep /K) is the absolute Galois group of K, and X/K is a curve of genus g ≥ 2, embedded in its Jacobian J via a K-rational Albanese map.
If P ∈ X(K), then following A. Tamagawa, we say that the pair (X, P ) is exceptional if X is hyperelliptic and P is a hyperelliptic branch point on X.
The following is a reformulation of Lemma 2.1 using our new terminology. Lemma 2.7. Let P be a K-valued point of X. Then either (X, P ) is exceptional, or P is almost rational.
We illustrate the usefulness of the notion of almost rationality by presenting a short proof of the Manin-Mumford conjecture.
The proof exploits the following deep result 4 due to Serre.
Theorem 2.8. Let K be a finitely generated field of characteristic zero. Let A/K be an abelian variety of dimension g, and let ρ : G K → GL 2g (Ẑ) denote the Galois representation arising from the adelic Tate module of A. LetẐ * ⊂ GL 2g (Ẑ) denote the subgroup of homotheties. Then the groupẐ * / ρ(G K ) ∩Ẑ * has finite exponent.
We will also need the following lemma (compare with Example 2.3): Lemma 2.9. Let e be a positive integer. Then there is a positive constant C(e) such that for all integers m > C(e), there exist x, y ∈ (Z/mZ) * such that x e , y e = 1 but x e + y e = 2.
Proof. By the Chinese remainder theorem, it suffices to consider the case where m = p k is a prime power.
If k = 1, we want to look at F p -rational points on the projective curve C defined by x e + y e = 2. By the Weil bounds, #C(F p ) = p + 1 + O( √ p). Since the number of points (x, y) ∈ C(F p ) with one of x e , y e being 0 or 1 is at most (e + 1) 2 , the result follows in this case.
Finally, suppose k ≥ 2. If p > e, Hensel's lemma guarantees the existence of x, y ∈ Z/p k Z such that x e = 1 + p k−1 , y e = 1 − p k−1 . Since x e y e = 1, we have x, y ∈ (Z/mZ) * .
We can now prove the following finiteness result: Theorem 2.10. Let K be a finitely generated field of characteristic zero, and let A/K be an abelian variety. Then the set of almost rational torsion points on A is finite 5 .
Proof. By Theorem 2.8, there exists a positive integer e such that the group Z * / ρ(G K ) ∩Ẑ * has exponent e. Let P be a torsion point on A of order m > C(e). By Lemma 2.9, there exist x, y ∈ (Z/mZ) * such that x e , y e = 1 but x e +y e = 2. Since (Ẑ * ) e ⊆ ρ(G K ) ∩Ẑ * , we can choose g, h ∈ Gal(Q/Q) such that g, h act on A[m] as x e and y e , respectively. Then (g + h − 2)P = 0 but neither g nor h fixes P , so P is not almost rational. It follows that the set of almost rational torsion points on A is finite.
The Manin-Mumford conjecture follows easily from 2.10:
Corollary 2.11. Let K be as above, and let X be a curve of genus at least 2, embedded in its Jacobian J by an Albanese map. Then the set of torsion points on X is finite.
Proof. The set of hyperelliptic branch points on X is finite, as is the set of almost rational torsion points on J. The result therefore follows from Lemma 2.7.
Ordinary semistable and almost unramified modules
In this section, R will denote the ring of integers in a finite unramified extension K of Q p , where p is an odd prime. 6 We will denote by I the inertia subgroup of G := Gal(K/K), and by I tame the inertia subgroup of Gal(K tame /K), where K tame is the maximal tamely ramified extension of K. Recall that the group I wild := Gal(K/K tame ) is a pro-p group, and that I tame is canonically isomorphic to the group lim ← − F * p n , where the transition maps are given by taking norms.
For each n ≥ 1, we denote by I(n) the (normal) subgroup of I fixing all of the p n th roots of unity in K, and we let I(∞) be the intersection of I(n) for all natural numbers n, so that I(∞) is the subgroup of I fixing all p-power roots of unity.
The motivation for the results in this section comes from the following observation: Lemma 3.1. Let X/K be a curve of genus at least 2, embedded in its Jacobian J via a K-rational Albanese map. Suppose that J is semistable, that P ∈ X(K) is a torsion point of order prime to p, and that (X, P ) is not exceptional. Then I fixes P , i.e., P is unramified.
Proof. Grothendieck showed in [11, Proposition 3.5 ] that if A/K is a semistable abelian variety and P ∈ A(K) has order prime to p, then (σ − 1) 2 P = 0 for all σ ∈ I. Therefore in our situation we have
for all σ ∈ I. The result now follows from Lemma 2.7.
We now make some definitions.
is almost fixed with respect to the action of I.
In other words, M is almost unramified if and only if whenever (g + h − 2)M = 0 with g, h ∈ I, we have (g − 1)M = (h − 1)M = 0.
such that:
(i) I acts on M via 7 the cyclotomic character χ (ii) I acts trivially on M .
where M p has p-power order and M non-p has order prime to p. Using this notation, we have the following definition. Proof. This is a consequence of Grothendieck's study in SGA7 of Galois actions on torsion points of semistable abelian varieties. See [29] for details and precise references.
As a prototype of results to come, we have the following lemma (compare with Lemma 3.1): Proof. Let M and M be as in the definition of "ordinary semistable". Since the order of M is prime to p and M is cyclotomic, I acts trivially on M . Since I acts trivially on M as well, it follows that (g − 1) 2 M = 0 for all g ∈ I. But since M is also almost unramified, Lemma 2.4 tells us that (g − 1)M = 0, so that I acts trivially on M , as desired. 7 If N is a torsion abelian group, then N is naturally aẐ-module. Also, the inertia group I comes equipped with a cyclotomic character χ : I →Ẑ * . It therefore makes sense to say that a torsion I-module N is cyclotomic: this means that σn = χ(σ)n for all σ ∈ I and n ∈ N . Note that if N is cyclotomic and has order prime to p, then I acts trivially on N , and that in general if N is cyclotomic, then I will act on N through its abelian quotient I/I(∞).
With an eye toward applying the results of this section to the study of ramified torsion points on curves, we now undertake an investigation of modules that are both almost unramified and ordinary semistable. Proof. Since I(∞) acts trivially on both M and M in the filtration (1) coming from the definition of "ordinary semistable," it follows that (g − 1) 2 M = 0 for all g ∈ I(∞). That M is almost unramified then implies, by Lemma 2.4, that I(∞) acts trivially on M . 
Proof. Let 0 → M → M → M → 0 be the filtration of M given by (1), let M p = M ∩ M p , and let M p be the image of M p in M under the given surjection.
Then we have an exact sequence
of modules of p-power order which again satisfies properties (i) and (ii) in the definition of "ordinary semistable." Since I acts on M p via the cyclotomic character, and since we are assuming that p > 2, the subgroup (M p ) I of inertia invariants in M p must be zero. (1) The group I(1) acts trivially on M .
(2) If p ≥ 5 and M is ordinary good, then I acts trivially on M .
Proof. Let g ∈ I(1). Since χ(g) is 1 mod p and χ : I → Z * p is surjective, we can find h in I(1) such that χ(g)+χ(h) = 2 in Z p . By Proposition 3.5, (g+h−2)M p = 0, where M p again denotes the p-primary part of M . Also, by Lemma 3.4 we know that I(∞) acts trivially on M , from which it follows by Lemma A.1 and the definition of "ordinary semistable" that the action of the pro-p group I(1)/I(∞) on M non-p is trivial. Therefore (g + h − 2)M = 0. As M is almost unramified, it follows that (g − 1)M = 0. This proves part (1) of the theorem.
To prove part (2) , assume that p ≥ 5 and that M is ordinary good. Then g ∈ I acts trivially on M whenever we can solve the equation χ(g) + χ(h) = 2 in Z p , i.e., whenever χ(g) is not 2 mod p. Thus the set of g ∈ I acting trivially on M forms a subgroup of I whose image H in I/I(1) contains at least p − 2 elements. Since I/I(1) has order p − 1 and p ≥ 5, it follows that H = I/I (1) . Therefore I acts trivially on M .
We take a moment to remind the reader of our running assumption that p is odd. Proof. By Theorem 3.6, I(1) acts trivially on M . Since I acts via the p-adic cyclotomic character χ on M p , it follows that pM p = 0.
To prove the second statement, consider the exact sequence
given by (2) . As we have already seen, (M p ) I = 0. As I acts on M p through its abelian quotient I/I(1), we can apply Sah's lemma (Lemma A.2) to an element g of I such that χ(g) is 2 mod p, and we see that H 1 (I, M p ) = 0. Therefore the natural map (M p ) I → (M p ) I = M p is an isomorphism, which is equivalent to the desired statement that M p = M p ⊕ (M p ) I . Corollary 3.8. In addition to the hypotheses of the proposition, suppose we are given an element g ∈ I and an integer r ∈ Z such that χ(g) ≡ −r (mod p). Then (g + r)(g + g −1 − 2)M = 0.
Proof. By Proposition 3.7, we have
and pM p = 0, so it follows from the definition of "ordinary semistable" that (g + r)(g − 1) 2 M = 0. Therefore g −1 (g + r)(g 2 − 2g + 1)M = 0, which gives the desired result. Proof. We know by Theorem 3.6 that I(1) acts trivially on M . Since I acts nontrivially on M but trivially on M non-p (by Lemma 3.3), p must divide the order of M . We then see from Proposition 3.7 that p exactly divides the order of M p , and that I acts on M p via the mod p cyclotomic character. In particular, we can use Proposition 3.7 to write P as x + y, where x ∈ M p and y ∈ M I . We must have x = 0, or else I would fix σP for all σ ∈ I and therefore act trivially on M . It follows that (g − 1)P = (χ(g) − 1)x = 0 for all g ∈ I such that χ(g) ≡ 1 (mod p), i.e., for all g ∈ I − I(1).
Ramified torsion points on curves
As in the previous section, K denotes a finite unramified extension of Q p , with p = 2.
Throughout this section, X will denote a curve over K, embedded in its Jacobian J via a K-rational Albanese map.
In this section, we apply the results of section 3 to the study of torsion points on X. The idea, due to Tamagawa, is to use elements of the inertia group I which act nontrivially on a torsion point P ∈ X(K) to produce rational functions on X of small degree.
We first recall some basic facts about algebraic curves which can be found, for example, in [10, III.5].
If P ∈ X(K), we denote by WM(P ) the Weierstrass monoid at P consisting of all nonnegative integers m such that there exists a rational function on X of degree exactly m having no poles outside P . It is clear from the definition that 0 ∈ WM(P ), and that if a, b ∈ WM(P ) then a + b ∈ WM(P ), so that WM(P ) is indeed a monoid.
Let N denote the monoid {0, 1, 2, . . .} of nonnegative integers, together with the operation of addition. The complement of WM(P ) in N, which we denote by WG(P ), is called the set of Weierstrass gaps at P . It follows from the Riemann-Roch theorem that WG(P ) has exactly g elements. A point P on X is called a Weierstrass point if there exists m ∈ WM(P ) such that 1 ≤ m ≤ g, or equivalently, if WG(P ) = {1, 2, . . . , g}. It is well known that a curve of genus g ≥ 2 has at most g 3 − g Weierstrass points.
We now investigate the implications of the results of the previous section for ramified torsion points on curves.
Part (2a) of the following theorem was originally proved by Coleman using p-adic integration techniques. The rest of the theorem is due to Tamagawa.
Theorem 4.1. Let X be a curve over K whose Jacobian J has ordinary semistable reduction, and suppose X is embedded in J using a K-rational point.
Let P be a torsion point on X. Then:
(1) The group I(1) fixes P . (2a) If p ≥ 5 and J has good ordinary reduction, then P is unramified. (2b) If p = 3 and J has good ordinary reduction, then either P is unramified or 3 ∈ WM(P ).
Proof. When (X, P ) is exceptional, the result follows from Proposition B.1. So we may assume that (X, P ) is not exceptional. By Theorem 3.2, the Z[I]-submodule M of J generated by P is ordinary semistable, and is ordinary good when J has good ordinary reduction. Since (X, P ) is not exceptional, it follows from Lemmas 2.7 and 2.5 that M is almost unramified. Parts (1) and (2a) therefore follow from Theorem 3.6.
For part (2b), note that if σ ∈ I does not fix P , then σP − P has order p in J by Proposition 3.7. Therefore the divisor p(σP ) − p(P ) is principal. Proposition 4.2. Suppose J has ordinary semistable reduction, and let P be a torsion point of J lying on X which is ramified at p. Assume also that (X, P ) is not exceptional. Let r be a positive integer such that r ≡ 0, 1, or −1 (mod p). Then the integer 2r − 1 lies in WM(P ); i.e., there exists a rational function of degree 2r − 1 on X with no poles outside P .
Proof. Let M be the Z[I]-module generated by P . Then as in the proof of Theorem 4.1, M is ordinary semistable and almost unramified. By hypothesis, I acts nontrivially on M . Also, by Corollary 3.9, σP = P for all σ ∈ I such that χ(σ) ≡ 1 (mod p). Since χ is surjective, given any positive integer r such that r ≡ 0 (mod p), we can find σ ∈ I such that χ(σ) ≡ −r (mod p). If in addition r ≡ 1 or −1 (mod p), then σ 2 P = P . By Corollary 3.8, we also know that (σ + σ −1 − 2)(σ + r)P = 0 in J. Multiplying this expression out, we find that there exists a rational function f on X whose divisor is
The proposition now follows from the fact that the degree of f is 2r − 1, since P does not equal σ −1 P , σP , or σ 2 P .
The following is one of the main theorems of Tamagawa [29] . Theorem 4.3. Assume that J has ordinary semistable reduction, that (X, P ) is not exceptional, and that P is a ramified torsion point on X. Then: 1. If p ≥ 5, then g ≤ 4.
2. If p ≥ 7, then g ≤ 3.
3. If p ≥ 29, then g ≤ 2.
Proof. Suppose, for example, that p ≥ 5. Taking r = 2, 3 in Proposition 4.2, we see that 3, 5 ∈ WM(P ). By Lemma A.3, it follows that WG(P ) ⊆ {1, 2, 4, 7}, and therefore g ≤ 4. Similarly, if p ≥ 7, then taking r = 4 we find that 7 is also in WM(P ), and therefore WG(P ) ⊆ {1, 2, 4}, so that g ≤ 3. Finally, suppose p ≥ 29 and g = 3. We know from Corollary 3.9 that the stabilizer of P in I is precisely I(1). Therefore the set {σP | σ ∈ I} has p − 1 ≥ 28 elements. Since 3 ∈ WG(P ), P must be a Weierstrass point, and therefore all of the points σP with σ ∈ I must be Weierstrass points. Since there are at most g 3 − g = 24 Weierstrass points on X, this is a contradiction.
We conclude this section with an intriguing open problem. The following conjecture was made by R. Coleman [6] :
Conjecture 4.4. Let p ≥ 5 be a prime number, and suppose that K/Q p is an unramified finite extension. Let X/K be a curve of genus g ≥ 2, embedded in its Jacobian via a K-rational Albanese map. Suppose furthermore that X has good reduction over K. Then every torsion point P ∈ X(K) is unramified.
In [6] , Coleman proved this conjecture in the following cases: (i) X has ordinary reduction (ii) X has superspecial reduction (iii) p > 2g.
The hypotheses of the conjecture are necessary see [1, Appendix] for an example.
On the other hand, Theorem 4.3 shows that with a few more restrictions on the prime p, the conclusion of the conjecture remains true if X merely has ordinary semistable reduction over K. It would be interesting to try to use the Galoistheoretic methods surveyed in this paper to prove additional cases of Coleman's conjecture.
Torsion points on modular curves
In this section, we use the results of section 3 to give a short proof of the Coleman-Kaskel-Ribet conjecture.
We first recall some facts about the modular curves X 0 (p), for which a basic reference is Mazur [16] (see also [17] ).
Fix a prime number p ≥ 5. The modular curve X 0 (p) is a compactified coarse moduli space for degree-p isogenies between elliptic curves.
As a Riemann surface, X 0 (p) can be thought of as the quotient of the complex upper half plane H by the action of the group Γ 0 (p), suitably compactified by adding the two cusps 0 and ∞. As an algebraic curve, X 0 (p) is defined over Q and the cusps 0 and ∞ are Q-rational points.
From now on we assume that p ≥ 23, which is equivalent to assuming that the genus g of X 0 (p) is at least 2.
To simplify notation, we let X := X 0 (p) and J := J 0 (p).
There is an involution w p of X, called the Atkin-Lehner involution, which interchanges 0 and ∞. We note that w p always has fixed points ( [20, §2] ).
The quotient of X by w p will be denoted by X + 0 (p), or simply X + . Its genus will be denoted by g + .
For p ≥ 23, we have g + = 0 if and only if p ∈ {23, 29, 31, 41, 47, 53, 71}. It is known (see [20] ) that X is hyperelliptic if and only if either g + = 0 or p = 37.
For each Q ∈ X(Q), we can define an embedding i Q of X into J by sending P ∈ X(Q) to the linear equivalence class of the degree-zero divisor [(P ) − (Q)].
We call i ∞ the standard embedding of X into J, and we let T ∞ be the set of torsion points on X in the standard embedding.
We now recall the Coleman-Kaskel-Ribet conjecture (see Theorem 1.4). Before we can prove the conjecture, we need to review some more facts about X and J. We begin with some definitions and elementary facts, all of which can be found in [16] .
The cuspidal subgroup C of J is the cyclic subgroup of J generated by the class of the degree-zero divisor (0) − (∞) on X.
The Shimura subgroup Σ of J is the kernel of the map J 0 (p) → J 1 (p) induced via Picard functoriality from the natural map X 1 (p) → X 0 (p).
Both C and Σ have order n := (p − 1)/(gcd (p − 1, 12) ).
The endomorphism ring of J Q contains (and in fact equals) the Hecke algebra T generated by w p and by the Hecke operators T l , with l prime and different from p.
The Eisenstein ideal is the ideal I of T generated by w p + 1 and the differences T l − (l + 1) for l = p. A maximal ideal m of T is Eisenstein if it contains I.
The subgroup
J[I] := { P ∈ J(Q) | tP = 0 for all t ∈ I } contains both C and Σ. We list below some additional properties of this subgroup which we will need see [9] for a complete picture of J[I] as a Galois module.
In addition to the above definitions and relatively simple facts, the proof of Theorem 5.1 will also require the following ten more difficult facts about X and J. For the reader's benefit, we provide references and/or sketch the proofs for each of these facts.
1: J has good reduction outside p, and has purely toric (hence ordinary semistable) reduction at p. This is due to Igusa and Deligne-Rapoport. See [16, Theorem A.1] for a discussion and references. Proof of Theorem 5.1: Let P be a point of X such that i ∞ (P ) is torsion. When (X, P ) is exceptional, the result follows from [7, Proposition 1.1] 8 . So we will assume from now on that (X, P ) is not exceptional.
By Fact 3, it is enough to prove that P is defined over Q.
Claim 1: P is unramified at p.
Proof.
Let I be an inertia subgroup at p of Gal(Q/Q). Since J has ordinary semistable reduction at p by Fact 1, and since (X, P ) is not exceptional, it follows from Theorem 3.6 that I(1) fixes P . Applying the same argument to every conjugate of P , we see that I acts on the T[Gal(Q/Q)]-module M generated by P through its abelian quotient I/I(1).
If p divides the order of M , then I acts through an abelian quotient on some Jordan-Hölder factor V of M associated to a maximal ideal m of residue characteristic p. But Fact 10 tells us that the action of I on V is necessarily non-abelian, a contradiction.
Therefore M has order prime to p. By Lemma 3.3, it follows that I acts trivially on M . Since this is true for all inertia groups I at p, it follows that P is unramified at p.
Proof. This follows from Fact 6 and Claim 1.
Claim 3:
If P is not a cusp then g + = 0.
Proof. Let Q := i ∞ (P ). Since w p interchanges the two cusps on X, there is a unique cusp on X + , which we also call ∞. So the fiber of the degree two map π : X → X + over ∞ is just {0, ∞}. Let J + be the Picard (Jacobian) variety of X + . The fact that J + is also the Albanese variety of X + implies there is a commutative diagram 8 We briefly recall the argument. For p = 37, the fact that the hyperelliptic branch points are torsion points in the embedding i∞ follows directly from the fact that in those cases, wp coincides with the hyperelliptic involution. For if P is fixed by wp, then since the hyperelliptic involution acts as −1 on J, we have
which is torsion. The case p = 37 is more complicated, and follows from explicit calculations found in [18, §5] .
If π * : J + → J denotes the map induced by Picard functoriality, then the composite map π * • π * : J → J is the map 1 + w p . Also, π * is injective; this is a consequence (see [3, Lemma 6] ) of the fact that w p has fixed points. Since I contains 1 + w p , it follows that if Q ∈ J[I], then Q is sent to zero under the projection π * . Therefore, when g + > 0 (so that the map i ∞ : X + → J + is an embedding), we have P = 0 or P = ∞ as desired.
Claim 4: P is unramified at 2 and 3.
Proof. By Claim 3, we may assume that g + = 0, i.e., that p belongs to the set of prime numbers { 23, 29, 31, 41, 47, 53, 71 }. An explicit calculation shows that 3 n, and that 2 | n if and only if p = 41.
So by Claim 2 and Fact 7, we are reduced to the case p = 41, where we have n = 10. We need to show in this case that P is unramified at 2. Since 4 n, it follows from Fact 5 that M 2 is killed by 2.
Let I be an inertia group of Gal(Q/Q) at 2, and suppose there exists σ ∈ I such that σP = P . Since J has good reduction at 2, I acts trivially on M non-2 , so σQ−Q ∈ M 2 , and therefore 2(σQ−Q) = 0. It follows that the divisor 2(σP )−2(P ) is principal on X, so (X, P ) is exceptional, a contradiction.
Claim 5: P is defined over Q.
Proof. By Fact 7(i) and Claim 2, P is unramified at all primes l n. It suffices to show that P is unramified at all l ≥ 5 such that l | n. Fix such a prime l and an inertia group I at l in Gal(Q/Q). Let M be the Z[I]-submodule of J[I] generated by Q. By Fact 8, M is an ordinary good Z[I]-module. Also, since (X, P ) is not exceptional, it follows from Lemma 2.7 that M is almost unramified. Theorem 3.6 then implies that I acts trivially on M , as desired.
This concludes the proof of Theorem 5.1.
For generalizations to torsion points on X in noncuspidal Albanese embeddings into J, and to certain other modular curves, plus an application to Mordell-Weil ranks, see [2, §4] .
Appendix A. Some elementary algebraic results
For the sake of completeness, we give the statements and proofs of some elementary algebraic results used in this paper. and therefore (g − 1)f (h) = (h − 1)f (g), so that (g − 1)f is a coboundary.
Recall that a monoid is a a set S together with an associative composition law on S and an identity element e ∈ S.
We denote by N the monoid consisting of all nonnegative integers. If a 1 , . . . , a k ∈ N, we denote by a 1 , . . . , a k the monoid {n 1 a 1 + · · · + n k a k | n i ∈ N}.
It is the smallest submonoid of N containing a 1 , . . . , a k .
The following result is sometimes called the "postage stamp lemma": In this appendix, K denotes a finite unramified extension of Q p with p = 2, and X/K is a curve of genus at least 2, embedded in its Jacobian J via a K-rational Albanese map.
The following result, which is essentially [29, Proposition 3.1], was used in the proof of Theorem 4.1.
Proposition B.1. Suppose J has ordinary semistable reduction. Let P ∈ X(K) be a torsion point, and suppose (X, P ) is exceptional. Then: (1a) σ 2 P = P for all σ ∈ I.
(1b) The group I(1) fixes P .
(2) If J has good ordinary reduction, then P is unramified.
Proof. Let M be the Z[I]-submodule of J generated by P . Since P is a Weierstrass point on X, so is σP , and therefore the divisors 2(P ) and 2(σP ) on X are linearly equivalent for all σ ∈ I. It follows that 2(σ − 1)P = 0 in M . Applying the same argument to every conjugate of P , we see that I acts trivially on 2M . In particular, since p is odd, (σ − 1)M p = 0 for all σ ∈ I. Also note that by Lemma A.1, I wild acts trivially on M non-p , and therefore I acts on M through its quotient I tame .
If J has ordinary good reduction, then (σ − 1)M non-p = 0 for all σ ∈ I and therefore I acts trivially on M as desired.
In general, since M is ordinary semistable, we have (σ − 1) 2 M non-p = 0 for all σ ∈ I. Since (σ − 1)M p = 0 as well, we see that in fact (σ − 1) 2 M = 0 for all σ ∈ I. Adding this to the relation 2(σ −1)M = 0, we find that (σ 2 −1)M = 0 for all σ ∈ I. This proves (1a). Statement (1b) now follows from the fact that I(1) is contained in the subgroup of I topologically generated by {σ 2 | σ ∈ I}. Explicitly: I acts on M through a finite quotient I of I tame isomorphic to F * p n for some n ≥ 1. The image of σ in I has norm 1 in F p if and only if σ ∈ I(1). The result now follows from the fact that an element of F * p n is a square if and only if its norm to F * p is a square.
